The gravitational S-matrix by Giddings, Steven B & Porto, Rafael A
The gravitational Smatrix
Steven B. Giddings* and Rafael A. Porto†
Department of Physics, University of California, Santa Barbara, California 93106, USA
and PH-TH, CERN, 1211 Geneve 23, Switzerland
(Received 22 September 2009; published 5 January 2010)
We investigate the hypothesized existence of an S matrix for gravity and some of its expected general
properties. We first discuss basic questions regarding the existence of such a matrix, including those of
infrared divergences and description of asymptotic states. Distinct scattering behavior occurs in the Born,
eikonal, and strong gravity regimes, and we describe aspects of both the partial wave and momentum
space amplitudes, and their analytic properties, from these regimes. Classically the strong gravity region
would be dominated by the formation of black holes, and we assume its unitary quantum dynamics is
described by corresponding resonances. Masslessness limits some powerful methods and results that apply
to massive theories, though a continuation path implying crossing symmetry plausibly still exists. Physical
properties of gravity suggest nonpolynomial amplitudes, although crossing and causality constrain (with
modest assumptions) this nonpolynomial behavior, particularly requiring a polynomial bound in complex
s at fixed physical momentum transfer. We explore the hypothesis that such behavior corresponds to a
nonlocality intrinsic to gravity, but consistent with unitarity, analyticity, crossing, and causality.
DOI: 10.1103/PhysRevD.81.025002 PACS numbers: 11.55.Bq, 04.70.Dy, 11.80.Et
I. INTRODUCTION
In a quantum-gravitational theory where spacetime, lo-
cality, etc. may not be fundamental concepts, an important
question is what quantities are amenable to quantitative
analysis. In this paper, we will assume that flat space, or
something which it closely approximates, is an allowed
configuration of the theory. We will moreover assume that
there is an action of its symmetry group, namely, the
Poincare group, both on this configuration and on pertur-
bations about it. This suggests that we can consider states
incident from infinity, with given momenta and energies,
and study their scattering. The resulting quantum ampli-
tudes should be summarized in an S matrix.
One would like to understand what properties are ex-
pected of such an Smatrix. For a quantum theory, unitarity
is a given. Analyticity in momenta and crossing symmetry
encode important physical features of S matrices in quan-
tum field theory (QFT), like causality [1]. Gravity offers
some new features whose role needs to be understood.
Masslessness is first and causes infrared singularities; these
we however envision regulating by working in spacetime
dimension D> 4, or by proper formulation of inclusive
amplitudes. Another is growth of the range of gravity with
energy, as is seen, for example, in growth of the
Schwarzschild radius of a black hole formed in a high-
energy collision. An important question is how these new
features can be reconciled with the others. One would also
like to understand how these and other physical properties
either do or do not manifest themselves in a gravitational
S matrix—particularly locality and causality. The latter
properties are especially interesting, given that a certain
lack of locality could be part of a mechanism for informa-
tion to escape a black hole, and thus explain the mysteries
surrounding the information paradox. Yet locality is mani-
fest in low-energy descriptions of nature and is a corner-
stone of QFT; it is also nontrivially related to causality,
which plays an important role in consistency of a theory.
In this paper, we carry out some preliminary investiga-
tion of these matters, with particular focus on the ultrahigh
energy regime. We will make the maximal analyticity
hypothesis [1], where one assumes that the only singular-
ities that appear in the scattering amplitudes are those
dictated by unitarity. Our investigations will then focus
on the question of what can be learned by combining
unitarity, analyticity, crossing, and causality together with
expected general features of gravity. In spite of the plau-
sibly nonlocal behavior of the gravitational amplitudes that
we will explore, we have found no evidence of a lack of
harmony between such nonlocality and these basic prop-
erties. We thus entertain the possibility that an S-matrix
representation of such nonlocal dynamics exists, which
retains the essential physical features.
The next section will further describe the S-matrix hy-
pothesis, and some issues that must be confronted in its
formulation, particularly questions of infrared divergences
and asymptotic completeness, and summarize aspects of
exclusive amplitudes and their partial wave expansion.
Section III contains a summary of the different scattering
regimes (broadly, Born, eikonal, and strong gravity), and
aspects of the physics of each. Section IV focuses on the
strong gravity regime, where one expects significant con-
tributions from processes classically described as black
hole formation. We parametrize the corresponding inter-
mediate states as resonances, and investigate their impli-
cations for the form of the partial wave amplitudes.
Section V further develops the description of these ampli-
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tudes, summarizing our knowledge of the contributions to
the phase shifts and their imaginary parts from the different
regimes. Section VI overviews some properties of ampli-
tudes in momentum space, some of which can be inferred
from those of partial wave amplitudes. In particular, for
both forms of amplitudes, we find strong indications of
nonpolynomial behavior. Section VII investigates aspects
of analyticity and crossing; the latter is less transparent
than in a theory with a mass gap. Nonetheless, there is an
argument for crossing, and this together with causality
(plus Hermitian analyticity and a smoothness assumption)
in turn leads to constraints on nonpolynomial growth.
Section VIII closes with further discussion of nonpolyno-
miality, and its connection with the question of locality of
the theory.
The study of ultra-Planckian collisions in gravity has a
long history. In string theory, this includes [2–6], and other
prominent early references are [7–10]. An important ques-
tion is whether string theory resolves the puzzles of this
regime. In particular, the information paradox suggests a
breakdown of locality in this context; while string theory is
apparently nonlocal due to string extendedness, it has been
argued [11,12] that this effect does not appear to enter in a
central way in the regimes of interest. In fact, the strong
gravitational regime, where classically black holes form,
apparently corresponds to a breakdown of the gravitational
loop expansion. Reference [13] has argued for a possible
resummation of string amplitudes that continues into this
regime, but we view the apparent need for nonlocal me-
chanics as well as the absence of clearly relevant stringy
effects as suggesting that a new ingredient is instead re-
quired for a fundamental description of this regime [11].
Though a perturbative string description appears insuffi-
cient for a complete description, it has been argued that
nonperturbative dual formulations such as AdS/CFT [14]
will address these problems. While there has been some
progress toward extracting a flat space gravitational
S matrix from AdS/CFT [15–19], some puzzles remain
[17,20] about whether this is possible; one expects similar
issues in matrix theory [21]. Whether or not it is, we take a
more general viewpoint, extending the work of [22]: what-
ever theory provides this S matrix, we would like to
characterize its features, and some of those may be rather
special in order to describe gravity. Moreover, it may be
that, as suggested in [23], the need to describe such fea-
tures is in fact a critical clue to the dynamics of a quantum
theory of gravity.
II. THE HYPOTHESIS OF THE GRAVITATIONAL
S MATRIX
It is natural to expect that the problem of high-energy
gravitational scattering in asymptotically flat space can be
properly formulated in terms of the S matrix. Here, how-
ever, one must grapple with some preliminary issues.
The first issue is that we do not know a precise descrip-
tion of the quantum numbers of these states. For example,
they could be states of string theory, some other completion
of supergravity, or some other theory of gravity. However,
in any case, we expect that the asymptotic states include
those corresponding to widely separated individual inci-
dent particles, e.g. electrons, neutrinos, etc., in order to
match our familiar description of nature. Or, if the theory
were string theory, incident states are string states. We
might have states with other quantum numbers as well.
An example of the latter that is sometimes useful to con-
sider is scattering in Minkowski space that is reached by
compactification from higher dimensions; there, one may
have incident particles or strings with conserved Kaluza-
Klein charge. In any of these cases, a nice feature of gravity
is that it universally couples to all energy, so we view it as
plausible that some important features of gravitational
scattering, particularly at high energy, are independent of
this detailed description of the asymptotic states.
A second issue is that, in a perturbative description of
gravitons propagating in flat space, gravity suffers from
infrared divergences in four dimensions, arising from soft
gravitons, and as a consequence one must generalize from
the S matrix to inclusive amplitudes. While it does not
seem inconceivable that this is of fundamental importance,
we will assume that it is not. One reason for this is that
QED suffers a similar problem, with the simple resolution
through inclusive generalization of the S matrix, summing
over soft photon states. Moreover, we note that this prob-
lem is not present if one works with higher-dimensional
gravity. Specifically, for spacetime dimension D> 4, soft
graviton divergences are not present. (For D  7, the total
cross section is finite.) We have already motivated consid-
ering higher-dimensional theories, by including the possi-
bilities of string theory or supergravity, or we may simply
think of this as dimensional regularization—in any case, to
avoid this issue we will typically work in D> 4.
Another issue that plausibly comes closer to being fun-
damental regards the question of asymptotic completeness
of states. The asymptotic completeness condition1 states
that the Hilbert space of the theory is equivalent to a Fock
space of asymptotic free particles. However, there are
apparent limitations to such a Fock space description. An
example is the locality bound [23,25,26] and its N-particle
generalizations [11]. Specifically, if one considers two
particles in wave packets, which we, for example, can
take to be Gaussian with central positions and momenta
x, y and p, q, these have a field theory description in terms
of a Fock space state x;py;qj0i. However, such a de-
scription must break down when we violate the bound
jx yjD3 >Gjpþ qj; (2.1)
where GGD, the D-dimensional Newton constant. In
1See, e.g., Chapter 7 of [24].
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this regime, gravity becomes strong, and so limits a Fock
space description of the system; this limitation in principle
extends to arbitrarily large distances. One may yet be able
to construct an asymptotic description of all states in terms
of free-particle states, using further evolution—if one
evolves a state violating (2.1) backward in time, it generi-
cally ceases violating the bound, and would be expected to
resolve itself into well-separated free particles asymptotic
from infinity. Thus, with such a limiting procedure, and a
weak form of local Lorentz invariance (in order to describe
asymptotic particles with relative boosts), one plausibly
describes asymptotics in terms of certain Fock space
states.
In short, we will hypothesize the existence of a gravita-
tional S matrix, or its inclusive generalization in D ¼ 4.
While we do not have a complete description of the
asymptotic states, we will assume that they include states
closely approximating particles that are initially widely
separated, and moreover are allowed to have very large
relative momenta. This starting point amounts to making
certain assumptions about a weak notion of locality
(asymptotically separated particles) and local Lorentz in-
variance (large relative boosts allowed for widely sepa-
rated particles). However, we will not necessarily assume
that stronger forms of locality and local Lorentz invariance
are fundamental in the theory.
For practical purposes, it is often convenient to imagine
that the asymptotic states correspond to spinless particles
of mass m, plus gravitons. With such a collection of
asymptotic states jiin, jiout (taken to be Heisenberg-
picture states), we expect an S matrix of the form
S ¼ outhjiin ¼ hjSji: (2.2)
As usual, we separate off the nontrivial part as S ¼ 1þ
iT .
A. Exclusive amplitudes
Much of this paper’s discussion will focus on the sim-
plest nontrivial amplitude of the theory—that for exclusive
2! 2 scattering. Here, the transition matrix element T (in
the plane-wave limit) is then defined by
hp3; p4jT jp1; p2i ¼ T p3p4;p1p2
¼ ð2ÞDDðp1 þ p2  p3  p4Þ
 Tðs; tÞ; (2.3)
and is a function of the Mandelstam parameters
s ¼ ðp1 þ p2Þ2 ¼ E2; t ¼ ðp1  p3Þ2;
u ¼ ðp1  p4Þ2:
(2.4)
We expect that important features of the theory are
encoded in this amplitude and its analyticity properties.
Since the graviton is massless, amplitudes are singular at
t ¼ 0, and likewise in other channels; for example, the
Born approximation to t-channel exchange gives
Ttreeðs; tÞ ¼ 8GDs2=t: (2.5)
We will consider other aspects of analyticity in Sec. VII.
B. Partial wave expansion
Unitarity and some other physical features of the ampli-
tude are most clearly formulated by working with the
D-dimensional partial wave expansion, which is [7]
Tðs; tÞ ¼ c s2D=2
X1
l¼0
ðlþ ÞCl ðcosÞflðsÞ: (2.6)
Here  ¼ ðD 3Þ=2,
c  ¼ 24þ3ðÞ; (2.7)
andCl are Gegenbauer polynomials, with arguments given
by the center-of-mass (c.m.) scattering angle,
cos ¼ 1þ 2t
s 4m2 : (2.8)
Note that
t¼ð4m2 sÞsin2ð=2Þ; u¼ð4m2 sÞcos2ð=2Þ: (2.9)
The inverse relationship to (2.6) gives the partial wave


















Im flðsÞ  jflðsÞj2; (2.12)
for real s  0 can be solved in terms of two real parame-
ters, the phase shift lðsÞ, and the absorptive coefficients
lðsÞ  0:
flðsÞ ¼ i2 ½1 e
2ilðsÞ2lðsÞ: (2.13)
It is important to understand the convergence properties
of the partial wave expansion (2.6). For a theory with a
mass gap, the expansion can be shown to converge in the
Lehmann ellipse [27], which extends into the unphysical
regime t > 0, cos > 1. This extension is useful for further
constraining amplitudes, e.g. through the Froissart-Martin
[28,29] bound.
Masslessness of gravity alters this behavior. Let us first
ask when the partial wave coefficients (2.10) are well
defined. Specifically, at long distance/small angle, we
have the Born approximation, (2.5). This gives a pole at
zero angle, T  1=2, and correspondingly the integral
(2.10) only converges forD> 4. While other long-distance
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effects, like soft graviton emission, could modify the am-
plitude (2.5), we do not expect them to alter this conver-
gence behavior.
In general, a series of the form (2.6) converges in an
ellipse with foci at cos ¼ 1. The existence of the sin-
gularity in T at  ¼ 0 indicates that the partial wave
expansion does not converge past cos ¼ 1. Thus, the
Lehmann ellipse has collapsed into a line segment along
the real axis. Note that one does expect ImTð ¼ 0Þ to be
finite for D  7. This follows from the optical theorem
(see the Appendix); as we have noted, the Born cross
section given by (2.5) is not infrared divergent for D 
7. However, this finiteness does not indicate that the ex-
pansion of ImT can be continued past this point—higher
derivatives of ImT are expected to in general diverge at
 ¼ 0.
The failure of convergence of the partial wave expansion
in the regime t > 0 is an impediment to using some of the
powerful methods that have been successfully applied in
theories with a mass gap. Nonetheless, we suggest that the
study of partial wave amplitudes can still be useful for
inferring features of scattering. While we are, in particular,
interested in features of the analytic continuation of Tðs; tÞ
to complex values of s and t, where convergence of the
expansion is problematic, we can exploit the inverse rela-
tion (2.10). Regardless of the convergence of the partial
wave expansion, we have argued that (2.10) is convergent
for D  5. Thus, if physical considerations imply state-
ments about the behavior of flðsÞ, these in turn imply
properties of the integrand of (2.10), and specifically of
Tðs; tÞ.
III. SCATTERING REGIMES
In different regions of s and t, or E and l, we expect
differing physical behaviors of amplitudes. A more picto-
rial way to think of these different regimes is as a function
of energy and impact parameter b of the collision—these
are after all often variables controlled experimentally.
While the transformation to impact parameter representa-
tion suffers from some complexities, our main focus will
be on collisions in the ultrahigh-energy limit, E MD,
whereMD2D ¼ð2ÞD4=ð8GDÞ gives the D-dimensional
Planck mass. There, for many purposes, we expect the
classical relation
l Eb=2; (3.1)
which should approximately hold more generally, to serve
as a useful guide to the physics, though we expect precise
statements to be more easily made in terms of the con-
served quantities E and l.
Figure 1 illustrates some of the regimes that we expect to
be relevant for ultrahigh-energy scattering, in terms of
energy and impact parameter. We will particularly focus
on the Born regime, the eikonal regime, and the strong
gravity, or ‘‘black hole’’ regime.
A. Born and eikonal
The best-understood regime is the Born regime, corre-
sponding to large impact parameters/small angles. Here,
the elastic scattering amplitude, corresponding to single
graviton exchange, has been given in (2.5); one may also
consider corrections due to soft graviton emission
[4,22,30].
As the impact parameter decreases, or the energy in-
creases, diagrams involving exchange of more gravitons
become important. The leading contributions at large im-
pact parameter are the ladder and crossed ladder diagrams,
which can be summed to give the eikonal approximation to
the amplitude [2,3,9,31,32].2 This can be written in terms
of the eikonal phase, which arises from a Fourier trans-
formation converting the tree-level amplitude into a func-
tion of a variable naturally identified as the impact
parameter:












is the volume of the unit n sphere. The eikonal approxi-
mation to the amplitude is then
iTeikðs; tÞ ¼ 2s
Z
dD2x?eiq?x?ðei	ðx?;sÞ  1Þ; (3.4)
expressing the amplitude in an impact parameter form.
From (3.4), one sees where eikonal corrections to the
Born amplitude become important, namely, when the ei-
konal phase 	 becomes of order 1. Indeed, [22] showed
that at the corresponding point via (3.1), the partial wave
phase shifts become of order unity, and thus the eikonal
amplitudes unitarize the amplitudes of the Born approxi-
mation. (Contributions due to soft graviton emission were
also estimated in [22].) In terms of impact parameter, this
transition region is given by
b ðGDE2Þ1=ðD4Þ; (3.5)
as is illustrated in Fig. 1. It is alternatively described as the
region where the momentum transfer is of order of the
inverse impact parameter,ﬃﬃﬃﬃﬃﬃtp  1
b
: (3.6)
2One may inquire about UV divergences of loop diagrams.
However, these are short distance effects, for which we assume
there is some UV regulation; for example, string theory might
serve this purpose, or even supergravity, if it is perturbatively
finite [33].
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In general, eikonal approxmations are expected to cap-
ture semiclassical physics. In the high-energy gravitational
context, the semiclassical geometry is the collision of two
Aichelburg-Sexl shock waves, and various evidence sup-
ports the correspondence between (3.4) and this picture [2–












matching that of a test particle scattering in the Aichelburg-
Sexl geometry. Here, we have introduced the Schwarz-












ðD 2ÞD2 : (3.9)
One finds [5] that corrections to the ladder series become
important when
ﬃﬃﬃﬃﬃﬃtp  E, or alternatively when the scat-
tering angle reaches  1. Equation (3.7) shows that this
happens at the impact parameter comparable to the
Schwarzschild radius, b RðEÞ, as pictured in Fig. 1. A
schematic argument for this follows from power counting.
Consider a diagram arising from a graviton tree attached to





Those connecting to external lines are accompanied by aﬃﬃ
s
p
. The remaining dimensions come from internal (loop)
momenta. For the processes in question, these have char-
acteristic value3 k 1=b. This counting then produces a
power series in ðR=bÞD3. A leading such correction, the
H diagram, which has been discussed in [4,5], is illustrated
in Fig. 2. One can alternatively understand this expansion
by thinking of the external lines as classical sources; using
standard power-counting techniques [34], one can easily
show that the H diagram is O½ðGDEÞ2=r2ðD3Þ compared
to one graviton exchange, if the distance between the
sources is r [35]. Using GDE RD3 and taking r b
then yields the same expansion parameter. In terms of the
semiclassical geometry, at impact parameters b R, one
forms a trapped surface [36,37], and hence a black hole.
B. Strong gravity
Since corrections to the eikonal amplitudes give terms
that differ from the eikonal amplitudes by powers of
½RðEÞ=bD3, the region where a classical black hole forms
apparently corresponds to a manifest breakdown of the
perturbative expansion; it is not even asymptotic. We can
also parametrize this in terms of a critical angular momen-
tum, given by
l LðEÞ ¼ ERðEÞ=2: (3.10)
One might be tempted to believe that a quantum treat-
ment of the evolution can still be given by performing an
expansion in fluctuations about a shifted background—that
of the semiclassical black hole. However, the problem of
the singularity guarantees this is not a complete descrip-
tion. Moreover, even evolution on spatial ‘‘nice slices’’ that
avoid the singularity is problematical, given that a standard
field theory treatment of it leads to the information para-
dox.4 This suggests that the boundary of this regime rep-
resents a correspondence boundary, analogous to that, for
example, between classical and quantum mechanics, be-
yond which local quantum field theory does not give a
FIG. 1. Scattering regimes in an impact parameter picture; the question marks denote possible model dependence discussed in
Sec. III C.
3Indeed, in the eikonal regime, the dominant term in the
exponential series of (3.4) occurs at order N GDs=bD4,
corresponding to a characteristic momentum k ﬃﬃﬃﬃﬃﬃtp =N 
1=b in each internal line of the N  1-loop Feynman ladder
diagram. 4For reviews, see [38,39].
THE GRAVITATIONAL S MATRIX PHYSICAL REVIEW D 81, 025002 (2010)
025002-5
complete description of the dynamics [40]. In particular,
the unitary evolution which we are assuming, in which the
quantum information must escape the black hole while it is
still comparable to its original radius [41], suggests that the
nonperturbative dynamics unitarizing the physics is not
local with respect to the semiclassical geometry—a sort
of ‘‘nonlocality principle’’ [23,26]. [This then fits with the
proposed parametrization of part of the correspondence
boundary given by the locality bound [11,25,26]: namely,
local field theory fails for multiparticle states whose wave
functions are concentrated inside a radius of size RðEÞ,
where E is their combined c.m. energy.]
While we do not have the means to calculate quantum
amplitudes in this regime,5 we can infer some of their
properties if we believe that the semiclassical picture of
formation of a black hole and its subsequent evaporation
provides a good approximate description of the physics
when addressing certain coarse-grained questions.
Specifically, Ref. [22] parametrized certain features of
the corresponding S matrix, and we will improve on the
corresponding ‘‘black hole ansatz’’ in subsequent sections.
Of course, investigating the internal dynamics seen, e.g.
by observers falling into black holes, and reconciling that
with outside observations such as described by an Smatrix,
remains a challenging problem. Reference [40] has argued
for flaws in the ‘‘nice-slice argument’’ for information loss,
of two origins. First, attempts to measure the nice-slice
state at a level of precision appropriate to investigate
information loss lead to large backreaction on the state.
Secondly, fluctuations e.g. in the Hawking radiation are
argued to lead to fluctuations in the nice-slice state after
long times. We expect that sharper investigations should
follow from use of protolocal observables [43], but ulti-
mately the full nonperturbative dynamics of gravity is
plausibly necessary in order to give both a complete picture
of infalling observers and of reconciliation of their obser-
vations with a unitary S matrix.
C. Other regimes
Before turning to a further description of the strong
gravity regime, it is important to note that at impact
parameters larger than b RðEÞ, other features of the
dynamics can become relevant. Indeed, some have argued
that this indicates other dynamics besides strong gravity is
a dominant feature of high-energy scattering. To give an
example, in the context of string theory, with string mass
Mst, it is possible to make long strings with length l
E=M2st. In fact, such processes are highly suppressed, but
Amati et al. [2] pointed out that such amplitudes receive
other important string corrections through ‘‘diffractive ex-
citation’’ beginning at impact parameters of size bt 
M1D ðE=MstÞ2=ðD2Þ. Indeed, Veneziano [44] proposed
that this effect may provide important corrections to a
picture of black hole formation; if true, this would likely
obscure a strong gravity interpretation of the regime b &
RðEÞ.
References [11,12] investigated these effects more
closely. Indeed, as pointed out in [11], a simple picture
of the origin of these effects is string excitation arising
from the tidal impulse of the gravitational field of the other
colliding string. Moreover, Ref. [12] investigated the evo-
lution of the corresponding string states. For impact pa-
rameters bt  b RðEÞ, the asymptotic state of the
string is indeed highly excited as a result of this tidal string
deformation. However, for impact parameters b & RðEÞ,
the time scales of horizon formation and string excitation
differ significantly. Roughly, in a semiclassical picture the
trapped surface forms before the tidal excitation causes
significant extension of the string. Thus, one seemingly
produces a configuration described as a pair of excited
strings inside a black hole; in this context there is no clear
reason to believe that string extendedness would lead to
significant modification of the black hole description of the
dynamics. Likewise, there is not a clear mechanism for
string effects to provide the necessary nonlocality with
respect to the semiclassical picture, to allow information
escape.
Indeed, one can imagine a similar dynamics being rele-
vant for collisions of other composite objects—hydrogen
atoms, protons, etc. Specifically, when tidal forces reach a
size sufficient to excite the internal degrees of freedom of
the object, asymptotic states will be excited states. Thus,
there can be model-dependent tidal-excitation effects.
However, once impact parameters reach the regime b &
RðEÞ (and for sufficiently large E), such effects are not
expected to prevent black hole formation. Since these
model-dependent tidal-excitation effects do not appear to
FIG. 2. The H diagram, which provides a leading correction to
the eikonal amplitudes as scattering angles approach  1.
5Reference [13] suggested analytic continuation of the pertur-
bative sum giving the amplitude in the region b > R. However,
one might at best expect such a sum to approximately reconstruct
the semiclassical geometry, as in [42]. Then, in particular, it is
not clear how the resulting prescription would give unitary
amplitudes that escape the usual reasoning behind the informa-
tion paradox, which as we have summarized, apparently requires
new dynamical ingredients. Indeed, this paper elaborates on the
view that local QFT cannot fully capture the physics of the
strong gravitational regime semiclassically associated with black
hole formation.
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contribute fundamental features to the story, we will
largely ignore them in the following discussion.
Another regime that has been of much interest in string
theory discussions is that near the string energy, EMst,
where one might expect to initially see weakly coupled
string excitations. This region lies in the lower left corner
of Fig. 1. One expects such excitations to merge into black
holes at a ‘‘correspondence point’’ [45] where RðEcÞ 
1=Mst. Our focus will be on higher energies.
IV. THE STRONG GRAVITATIONAL REGIME
We currently lack a complete quantum description of the
strong gravitational regime. However, we will assume that
the quantum description of this regime must be compatible
with certain features following from a semiclassical picture
of black hole formation. If one accepts such a viewpoint,
and moreover assumes that the microphysical evolution is
unitary, these combined assumptions potentially provide
interesting constraints on the dynamics—particularly in
view of the preceding statements that unitary evolution is
apparently incompatible with evolution that is local with
respect to the semiclassical geometry.
A. Black hole formation
We begin by recalling basic features of black hole for-
mation in a high-energy collision, which has been exten-
sively studied as a phenomenological feature of models
with a low Planck scale [46,47].6
Consider a high-energy collision of two particles, with
c.m. energy E MD. Let us moreover assume that the
wave functions of these particles are Gaussian wave pack-
ets with characteristic size x, and that these collide with
an impact parameter b & RðEÞ; for large E, we may take
x	 RðEÞ.
In the classical description of this process, a trapped
surface will form in the geometry [36,49], signaling for-
mation of a black hole, and as a result of the small curva-
tures, one expects a corresponding statement in a
semiclassical approximation to the quantum dynamics
[37]. Not all of the collision energy is trapped in the black
hole, which is initially rather asymmetrical, and radiation
(soft gravitons, gauge fields, etc.) will escape to infinity
during the ‘‘balding’’ process in which it settles down to a
Kerr black hole7 of mass M. The time scale for balding is
of order 
form  RðEÞ, and for impact parameters suffi-
ciently below RðEÞ, the amount of energy lost is an Oð1Þ
fraction, but not large (e.g. & 40%), thus M 
 E.
Subsequently, the black hole will radiate, initially pref-
erentially radiating states that lower its spin. The character-
istic energy of radiated particles is the Hawking
temperature, TH  1=RðMÞ, and roughly one quantum is
emitted per time 
 RðMÞ.
B. Black holes as resonances
Wewill thus think of the black holes that form after 
form
as resonances [22]. Since the width for such a state to decay
(typically into a lower-energy black hole) is ðMÞ 
1=RðMÞ, this is a limit to the sharpness with which we
can define the energy of the black hole. However, black






SðMÞ 	 1; (4.1)
where SðMÞ is the Bekenstein-Hawking entropy.
We will assume that the number of possible black hole
resonances is given by this entropy. To be more precise, let
us assume that the number of black hole microstates with
energies in a range (M, Mþ M) is
N ðMÞ ¼ BðMÞeSðMÞRðMÞM; (4.2)
where BðMÞ is a possible prefactor that is dimensionless
and is expected to have much more slowly varying energy
dependence than the exponential. Thus the density of black
hole states is of the form
ðMÞ ¼ RBeSðMÞ; (4.3)
and the total number of states with energy  M is
N ðMÞ ’ BðMÞ expfSðMÞg. The spacing between the states
is clearly much smaller than their widths. Let us label the
states in the interval (M, Mþ 1=R) as
jM; Ii; (4.4)
where I ¼ 1; . . . ;N ðMÞ  expfSðMÞg. We may further
refine the description to project on angular momentum
eigenstates, with angular momenta l. In that case, the
entropy entering the preceding formulas is expected to be
SðM; lÞ ¼ 4ERðM; lÞ
D 2 ; (4.5)
where RðE; lÞ is given by [50]
RD5





¼ 16GDMðD 2ÞD2 : (4.6)
For small l, this gives an expansion of the form







C. Black hole spectrum and evolution
Let us explore in more detail the quantum states formed
in a collision, which could be either a two-particle collision
with a c.m. energy 
 E, or an n-body collision. Note that
one can also form a black hole of mass M by producing a
6For a review with some further references, see [48].
7In models with gauge charges not carried by light particles,
the black hole can also carry charge.
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higher-mass black hole in a collision with E M, and
then waiting for that black hole to evaporate to M.
Consider general initial multiparticle (but not black
hole) states; these can be labeled by energy, momentum,
generalized partial waves, and asymptotic species and spin
content. Let us work in the c.m. frame, and ignore the
effects of particle spin. Some subset of the states, denoted
jE; aiin, will form a black hole; examples are the two-
particle states described above, which classically do so,
and thus are expected to have probability essentially unity
for black hole formation.
This means that a state8 jE;aiin can be rewritten in terms
of states that at a time just after formation correspond to a
combined state of black hole and balding radiation; let us





AðE;MÞaIijM; IijEM; iirad; (4.8)
here we neglect the possibility of a small component on
states that are not black holes. In principle we can project
on a definite state of the radiation, yielding a pure black
hole state:




In a generic black hole basis we expect the amplitudes
AðE;MÞaIi to be of order eSðMÞ=2, corresponding to the
fact that from (4.3) we expect there to be OðeSÞ states. The
space of states in (4.9) can be combined to form an ortho-
normal basis for a subspace of black hole states, denoted
jM;Ai, and labeled by the initial and radiation state labels.
However, this basis will not span the space of all black hole
states, since (4.9) yields too few states. Indeed, note that








states can be formed from collapse of matter of energy E;
thus a should have such a range. If one also accounts for
the balding radiation, as above, there are more states that
can be accessed through their entanglement with this ra-
diation. Typical radiated quanta have energies 1=R, and
given the radiated energy EM, this yields an entropy
RðEÞðEMÞ / EðD2Þ=ðD3Þ. This exponentiates to give
the number of states over which the index i can range.
However, this is still far fewer than the expSðMÞ black hole
states, since typicallyM>E=2. Thus, the number of states
that are ‘‘accessible’’ in the collision at energy E is far less
than the number of possible states of the black hole. We can
label a basis for the remaining complementary black hole
state space as jM; Ai. One expects that one approach to
accessing these states is to form a black hole of massM0 >
M in a higher energy collision, and then allow it to evapo-
rate down to mass M. In doing so, internal states of the
black hole become entangled with the state of the Hawking
radiation, like in the preceding discussion of balding ra-
diation.9 For large enoughM0, this gives eSðMÞ independent
accessible states. For many purposes, it is simplest to forget
the balding radiation, which as we have explained does not
appear to play a particular central role, and in a slight abuse
of notation, think of the labels A as corresponding to the
initial states from which the black hole formed.
We can likewise label the possible n-body out states,
representing the final decay products of a given black hole,
as jE; aiout. In a similar spirit to the preceding discussion,
we could choose a basis of black hole states labeled by this
out-state description. Again, we expect the matrix elements
between the preceding basis and this one to generically
have size expfSðMÞ=2g. Correspondingly, the amplitude
for a given initial black hole state to decay into a given final
state of the Hawking radiation will be of generic size
jouthM;ajM; Iij  eSðMÞ=2: (4.11)
The quantum description of black holes as a decaying
multistate system has analogies to other such systems, like
K0 K0 mesons. In the assumed unitary dynamics, an
initial black hole state jM; Ii can mix both with other states
with the same energy, and with states that are in the
continuum, which consist of a lighter black hole together
with radiated quanta. One might expect, via a Weisskopf-
Wigner [52] approximation, that evolution in the Hilbert





jM; Ii ¼ HjM; Ii: (4.12)
Though conceivably more general dynamics is needed,10
this exhibits possible features of black hole evolution.
Because of the decay, the Hamiltonian is not Hermitian
in this subspace, and in general takes the form
HIJ ¼ MIJ  i2IJ; (4.13)
where MIJ and IJ are Hermitian matrices. In general,
these will not commute.
D. Exclusive processes
If one considers, in particular, an exclusive process with
two-particle initial and final states jp1; p2iin, jp3; p4iout,
such as pictured in Fig. 3, one thus expects the intermediate
black hole states to contribute to the S matrix as
8A more careful treatment uses narrow wave packets.
9One can in principle ‘‘purify’’ such states by projection on
definite states of the Hawking radiation, as with the preceding
projection of balding radiation.
10In particular, we do not expect H to necessarily be a
Hamiltonian constructed from a local Lagrangian.
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[Note that in the bases adapted to in or out states, described
in the preceding section, the indices are expected to only
range overSðEÞ values.] IfMIJ and IJ do not commute,
HIJ cannot be diagonalized by a unitary transformation,
but we will assume it can be diagonalized by a more
general linear transformation. The eigenstates jM; Ii are
then not orthogonal;
hM; IjM; Ji ¼ g I J (4.15)
for some g I J   I J. In such a basis (4.14) becomes
11








g1I J h Jjp1; p2i; (4.16)
where H I ¼ M I  iI=2 are eigenvalues. This will pro-
duce a sum of terms of Breit-Wigner form contributing to
the amplitude. However, the sum itself will not, in general,
take the Breit-Wigner form.
In the case where the particles being collided are the
narrowly focused wave packets that we have described,
one plausibly expects the corresponding amplitude to be of
size
jouthajbiinj  eSðEÞ=2: (4.17)
The reason for this is that for such wave packets the
amplitude to form a black hole is essentially unity, and
the amplitude for it to decay back to a two-particle state is
of size given by (4.11). Note that our discussion suggests a
resolution to questions raised [10] about the relation of
intermediate black holes to Breit-Wigner behavior. One
has Oð1Þ amplitude to form some black hole state; in a
generic basis for black hole states, this is a superposition
with OðeS=2Þ coefficients, although, as indicated in the
preceding section, one can choose a special basis where
black hole states are labeled by the initial states that
created them. Thus, the amplitude to form a generic black
hole state from a two-particle state is eS=2, as is the
amplitude for a generic black hole state to decay back into
a two-particle state.
One might ask whether there could be any larger con-
tributions to the 2! 2 amplitude, due to processes that
avoid black hole formation. For example, our Gaussian
wave packets will have tails at large impact parameter.
However, these have probability of size expfðR=xÞ2g
at b R. The width x is constrained by x > 1=E, but
this constraint produces a quantity merely of size *
expfS2g.
While we cannot at present rule out other such effects,
none have been identified. Another test of this statement
comes from scattering of a particle of high-energy E off a
preexisting black hole in the relevant range b	 R; here
the amplitude R for reflection is also exponentially sup-
pressed [53]:
R e4ER: (4.18)
It is thus plausible that the amplitude for the classically
predicted [36,37,49] black hole formation process only
receives corrections that are exponentially suppressed at
least to the level (4.17).
V. PARTIALWAVE AMPLITUDES
In this section we restrict attention to 2! 2 scattering,
in a partial wave basis, and investigate consequences of the
preceding picture and related considerations. For simplic-
ity, we focus on scattering of one species of spinless
particles. The initial two-particle states will be labeled by
just their energy and angular momentum l, and the scat-
tering amplitude is of form
S lðEÞ ¼ e2lðEÞþ2ilðEÞ: (5.1)
A. Strong gravitational regime
As outlined above, for impact parameters b	 RðEÞ, or
correspondingly angular momenta l	 LðEÞ, the ampli-
FIG. 3. Schematic of a black hole as a resonance in 2! 2 scattering.
11The form of this equation may alternately be simplified
through the definition of a dual basis, h Idj ¼ g1I J h Jj.
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tude for such a state to form a black hole with total angular
momentum lBH 
 l is expected to be of order unity.
1. Absorption
In the 2! 2 process that goes through the black hole
channel, lBH ¼ l. From (4.11), we note that the amplitude
for the given resonance jE; li to decay back to a two-
particle state is eSðE;lÞ=2.
As in the preceding section, it is plausible that processes
avoiding black hole formation in the regime l	 L are
exponentially suppressed at least to this level. Arguments
for that build on the preceding ones, together with the
properties of partial-wave wave packets.
For example, consider a wave packet with definite an-








where Jlþ is a Bessel function, YlmðÞ are D 2 dimen-
sional spherical harmonics, and fðEÞ is a Gaussian wave
packet with widthE. Asymptotics of Bessel functions for
large order and argument (see Eq. 8.41.4 of [54]) then show














with subleading corrections consisting of terms suppressed
by powers of ðlþ Þ=Er times sine or cosine functions of
the same form. Thus combining (5.2) and (5.3) gives a
wave packet that is Gaussian in t r with width r
1=E, and subleading terms are similarly Gaussian.
A related argument comes from the relation between the
partial wave representation and impact parameter repre-
sentation [55]. Specifically, if fðb; sÞ is the amplitude in
impact parameter representation, then at high energies one
finds the corresponding partial wave amplitude [56,57]




þ    ; (5.4)
where A is a numerical coefficient, indicating that in the
high-energy limit, localization in angular momentum cor-
responds to localization in impact parameter, as
expected.12
A final argument comes from the behavior of partial
waves scattering from a preexisting black hole; [53] argues
that their reflection amplitude in the limit ER 1 is of
size (4.18).
Based on these, and on the discussion of Sec. IV, we thus
conjecture that in the regime l	 LðEÞ, the 2! 2 ampli-
tude is indeed exponentially small in the entropy, and
arises mainly due to such a strong gravity channel. These
statements suggest additional rationale for the black hole
ansatz of [22], where in this regime
jSlðEÞj ¼ e2l  expfSðE; lÞ=2g: (5.5)
Notice that this behavior has two characteristic features.
The first is the exponential strength of the absorption. The
second is the long range of the absorption, which is char-
acterized by the growth of LðEÞ with energy. Even should
the preceding arguments regarding the strength of the
exponential suppression be evaded, we expect the feature
of significant absorption at long range to persist.
2. Phase shifts
We have suggested that the amplitude is essentially unity
for a given initial two-particle state with l	 LðEÞ to enter
the strong gravitational regime. In 2! 2 scattering, one
might therefore expect that in each energy range (E, Eþ
1=R) we form one of theN ðE; lÞ black hole states13 with
the corresponding energy and angular momentum. This
would correspond to a density of accessible states
accðE; lÞ 
 RðEÞ: (5.6)
(This value would be less relevant for 2! N scattering,
where, as we have argued, more states may be accessible
and entangle with the balding radiation.) Notice that this
would imply that the total number of such accessible black






 SðE; lÞ: (5.7)
Consider the parametrization (4.14) of the contributions
of intermediate black hole states. If the matrix HIJ were
diagonal in the ‘‘in’’-state basis jM;Ai, discussed in
Sec. IV, then we would expect a contribution to the ampli-





E EBH þ i=2

; (5.8)
where b is a ‘‘background’’ value. Then, the phase lðEÞ
would increase by  as we pass through each such acces-
sible (or strongly coupled) resonance, and correspondingly,




l ðEÞ ¼ N accðE; lÞ 
 SðE; lÞ; (5.9)
as with Levinson’s theorem for single-channel scattering.
Note also that such a result would yield a decay time
dl=dE RðEÞ, compatible with the width  1=R.
12The series (5.4) may be regulated by considering incoming
wave packets instead of plane waves.
13As noted, this state is a superposition of states of a generic
basis with coefficients of size OðeS=2Þ.
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However, we see no reason to expectHIJ to be diagonal,
and so consider phase shifts of a more general form, which
we parametrize as
lðEÞ ¼ kðE; lÞSðE; lÞ; (5.10)
where kðE; lÞ varies more weakly with energy than SðE; lÞ.
One might expect kðE; lÞ> 0 (corresponding to time de-
lay) due to the attractive nature of gravity. Indeed, in
scattering off a preexisting black hole the gravitational
field introduces a positive phase shift relative to scattering
from the angular momentum barrier. We will investigate
additional constraints on kðE; lÞ in subsequent sections.
To summarize, combining (5.9) and (5.10) suggests that















Notice that this expression differs from that of [22]; that
analysis did not take into account the role of inelasticity
and accessibility of resonance channels. Thus (5.11) com-
prises an improvement of the black hole ansatz of [22].
B. Born and eikonal
One can likewise infer properties of the partial waves in
the longer-distance regimes, where the Born or eikonal
approximations are expected to be valid. In particular,













and checked that the eikonal amplitude unitarizes the Born
amplitude, which is the leading term in an expansion in l,
as expected. Thus the transition from Born to eikonal
regimes occurs in the small-angle regime l
EðD2Þ=ðD4Þ. Notice that the phase shifts are indeed posi-
tive definite, as expected from the attractive nature of
gravity.14 The correspondence between the eikonal ampli-
tudes and the semiclassical picture [2–5,8] suggests the
utility of the eikonal description until l L.
For decreasing impact parameter/increasing scattering
angle, different effects can contribute to absorption. A
generic effect is soft graviton bremsstrahlung. This was
estimated in [22] to give a contribution of size




Note that this matches onto the energy dependence of (5.5)
at l L, which also fits with a picture where a non-
negligible fraction of the collision energy can be emitted
in the balding radiation.
As noted in Sec. III, there may be other less-generic
effects, e.g. due to excitation of internal degrees of freedom
of the colliding bodies. In string theory, such an effect is
the diffractive excitation or ‘‘tidal string excitation’’ ex-
plored in [2–5,11,12]. But, as noted, we do not expect such
effects to prevent amplitudes from matching onto those of
the strong gravitational regime.
C. Combined pictures
We can thus suggest combined pictures describing the
weak and strong coupling regimes. The results (5.5) and
(5.13) suggest energy and angular momentum dependences
of the absorptive coefficients l as pictured in Figs. 4 and
5.
While the phase shift is well studied in the eikonal
regime, as we have indicated, we have less information
in the strong gravity regime, but expect an increase
FIG. 4 (color online). Absorption coefficients at a fixed angu-
lar momentum as a function of the c.m. energy.
FIG. 5 (color online). Absorption coefficients at a fixed c.m.
energy as a function of angular momentum, with Lc  LðEÞ.
14This is the case provided D> 4. The four-dimensional case
suffers from Coulomb-like singularities, requiring the usual
inclusive amplitudes, avoided in this paper by working in higher
dimensions.
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bounded by lðEÞ  EðD2Þ=ðD3Þ as in (5.10). Sketches of
energy and angular momentum dependence are given in
Figs. 6 and 7.
VI. MOMENTUM SPACE AMPLITUDES
We now ask what properties of momentum space am-
plitudes can be inferred from the preceding discussion. In
Sec. II, we noted the collapse of the Lehmann ellipse, and,
in particular, that convergence of the partial wave expan-
sion cannot extend past t ¼ 0 to positive t. Likewise,
continuation of s to complex values with fixed real t < 0
would correspond to complex cos, outside the conver-
gence region. These and related limitations restrict our
ability to prove results that follow in massive theories.
However, we have argued that the expression for the partial
wave coefficients, (2.10), is expected to be well defined and
finite. This means that properties of the flðsÞ are those of
the corresponding integral, and this in turn constrains the
behavior of Tðs; tÞ.
Additional information about the momentum space am-
plitudes comes directly from their eikonal approximation,
(3.4). At very small angles, this expression reduces to the
Born amplitude, (2.5). The match between the Born and





The asymptotics of the eikonal amplitude at larger angles
follows from performing the integral over angles in (3.4),
which yields







 ðei	ðx?;sÞ  1Þ: (6.2)
Then, combining the Bessel function asymptotics (5.3)
with a saddle-point approximation of the integral gives
an asymptotic amplitude of the form
Teik  expfi½sðtÞðD4Þ=21=ðD3Þg: (6.3)
This exhibits some interesting features—such as nonpoly-
nomiality—that we will return to in the next section.
One may also inquire about implications for T of the
strong gravity behavior outlined in the preceding section.
Recall that the physical features of that behavior were
(1) significant scattering, and moreover absorption, to an
angular momentum that grows with energy as l LðEÞ,
(2) strong absorption for large E and l	 LðEÞ, and (3) po-
tentially rapid growth in the phase, (5.10).
For l ¼ l ¼ 0, (2.13) gives fl ¼ 0, so the first feature
implies nonvanishing fl to l LðEÞ; significant absorption
moreover implies that fl  i=2. These become conditions





T½s; tðs; Þ ¼ DflðsÞ
sðD4Þ=2
; (6.4)
where tðs; Þ is given by (2.9). However, a direct statement
about T in the strong gravity regime st is not easily
inferred from the significance of the right side of (6.4),
since the integral, in particular, receives a contribution
from the Born regime. For  < B=E and l < L, one has
l	 1 and can use the small-angle approximation















This shows that one expects a contribution to partial wave
amplitudes from both the Born and eikonal regions that is
significant at angular momenta l & LðEÞ.
FIG. 6 (color online). Phase shift for fixed angular momentum
as a function of the c.m. energy.
FIG. 7 (color online). Phase shift for a fixed c.m. energy as a
function of angular momentum, with Lc  LðEÞ.
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Indeed, a related fact is that the cross section due to this
small-angle scattering is expected to be large as compared
to that of the strong gravity region,
SG 
 ½RðEÞD2  EðD2Þ=ðD3Þ: (6.7)
For D> 6, where the small-angle contribution converges,
it can be estimated using the impact parameter where Born
and eikonal match, giving [2]
B=E  E2ðD2Þ=ðD4Þ: (6.8)
Large growth of l and l with energy implies that fl 
i=2, or dfl=ds, are small, and rapidly oscillating. Equation
(6.4) thus indicates that Tðs; tÞ correspondingly has rapid
falloff and oscillations. Moreover, we see that exponential
falloff of fl  i=2 would indicate precise cancellations
between the contributions of Tðs; tðs; ÞÞ in the Born, ei-
konal, and strong gravity regimes; as we have discussed,
physical aspects of the scattering such as the analogy with
scattering from a fixed black hole suggest such falloff.
A sharper statement arises if one considers continuation
of (5.11) into the complex s plane. This form for flðsÞ
suggests that generically it would grow exponentially
somewhere in the complex s (or E) plane. In particular,
for small enough k, one finds exponential growth in the s







2ðD 3Þ ; (6.9)
and likewise for the example of a decreasing power, k /
Ep. By (6.4), this corresponds to exponential, thus not
polymomially bounded, growth in Tðs; tÞ for complex t.
While with the specific functional form (5.11), a phase that
is too small leads to growth that is not polynomially
bounded, it is conceivable that a more complicated analytic
structure of the exact amplitude avoids this conclusion.15
VII. ANALYTICITYAND CROSSING
We have investigated aspects of unitarity, particularly
via the partial wave expansion; we now turn to analyticity
and crossing.
Consider scattering of two massive particles of mass m
coupled to gravity. We might imagine these to be an eþe
pair, although to avoid complications of spin we will treat
the scalar case. Another specific context to contemplate, if
in a string theory context, is scattering of a D0D0 pair.
First, consider behavior for fixed real t < 0, as a function
of s. The two-particle cut in the s channel begins at s ¼
4m2. However, one can also have such a pair annihilate to
two or more gravitons (in the absence of a net conserved
charge), implying multiple cuts beginning at s ¼ 0.16
Likewise, there are multiple u-channel cuts beginning at
u ¼ 0. Given
sþ tþ u ¼ 4m2; (7.1)
we find that the u-channel cuts, for fixed t, originate at
s ¼ 4m2  t; (7.2)
and are taken to extend along the negative s axis. Thus,
these cuts overlap those from s ¼ 0—there are branch cuts
running all along the real s axis, with no gap between them,
unlike the massive case. These features of massless theo-
ries weaken some of the constraints present in massive
theories.
We likewise expect singular behavior at t ¼ 0; we have
noted the Coulomb pole there, but one might find a more
general singularity (e.g. branch point) when higher-order
processes are accounted for. As we have already described,
this prevents the usual continuation along the real axis
from t < 0 to t > 0 that is a useful tool in massive theories.
A. Crossing symmetry
For real s0 > 4m
2, the physical amplitude with s ¼ s0,
t < 0 is assumed to arise from the analytic function Tðs; tÞ
with s ¼ s0 þ i in the limit ! 0þ. By the maximal
analyticity hypothesis, T only has singularities dictated
by unitarity, so it can be continued throughout the s
UHP; likewise for fixed s, one can continue in t, avoiding
singularities.
In a massive theory, at small t < 0, one can continue in s
across the real axis, through the gap between the cuts. This
allows one to define the amplitude for s ¼ s1  i, for
large negative real s1, which by (7.1) corresponds to
u-channel kinematics. Crossing symmetry is the assump-
tion that a single function Tðs; t; uÞ, with variables satisfy-
ing (7.1), defines amplitudes in all channels through such
continuation.
Clearly this specific continuation fails in the massless
case, given the lack of a gap between the cuts. However, it
appears possible to still obtain crossing, through use of a
different path.
The BEG path
Such a path was given by Bros, Epstein, and Glaser
(BEG) in [62], as follows. First, begin at large s0 > 0,
and hold u ¼ u0 < 0 fixed. One can continue through the
15Though, with added assumptions like Hermitian analyticity/
dispersion relations, one may possibly generalize methods of
[58,59] to show that the exponential falloff in (5.11) implies a
lower bound on the phase, e.g.  * logs, given a polynomial
bound in the UHP; also, certain analyticity assumptions together
with this falloff might possibly be used to prove violation of
polynomial bounds in some region, with methods like in [60,61].
We leave these for future investigation. (Notice that in QFT we
do not expect such a strong absorptive behavior, thus polynomial
boundedness is expected to lead to a phase bounded above by
logs.)
16One might also contemplate the possibility of worse behavior,
e.g. e1=sp for some p.
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upper s plane to eis0. Here, t will approach the positive
real axis with a i; we can denote this as the t channel.
Next, beginning at this point, keep s < 0 fixed and continue
t! eit. This is analogous to the preceding continuation,
and takes t to uþ—here the positive real u axis is ap-
proached from above. The combined path thus continues
from the physical s channel sþ to the physical u channel
uþ, permitting crossing.17
B. Crossing and polynomial boundedness
Analyticity and crossing constrain possible nonpolyno-
mial behavior, as we will now discuss; the reader may wish
to refer to figure Fig. 8. This observation follows from the
Phragmen-Lindelo¨f theorem: If an analytic function is
bounded along two straight lines sustaining an angle  ,
e.g. jTðjsjÞj<M on the lines, and if TðsÞ grows at most
like ejsj with <  in any other direction, then in fact
TðsÞ is bounded byM in the whole sector sustained by the
two lines.
Choose, for example,  ¼ 1. Let us assume that the
amplitude is quite weakly bounded, jTðs; t < 0Þj< ejsj.
Note that this bound is easily satisfied both by the eikonal
behavior (6.3), and by behavior that could arise from
growth of the strong gravity region, either from the large
absorption coefficients jlðsÞj  jsjðD2Þ=ð2ðD3ÞÞ 	 jsj, or
the large range RðEÞ  E1=ðD3Þ which suggests behavior
[22] (see the next section), Tðs; t < 0Þ  eRðEÞ ﬃtp .
Therefore, by the theorem, if we had a nonpolynomial
growth in the UHP that would also require a nonpolyno-
mial growth in a straight line i above the real axis from
1 to þ1.
The region ½0;þ1Þ corresponds to the s-channel ampli-
tude. However, properties of the Gegenbauer polynomials
combined with the optical theorem (see the appendix)
show that ImTðs; t < 0Þ< ImTðs; 0Þ  sTðsÞ< sN . (The
polynomial bound at t ¼ 0 is directly connected to exis-
tence of a forward dispersion relation [22], following from
causality, to be discussed in the next section.) Moreover,







/ s3D=22!2 < s3D=2T; (7.3)
where proportionality is modulo numerical coefficients,
and therefore the real part of the amplitude also must be
polynomially bounded, provided it is sufficiently smooth.
(Recall that in the strong gravitational regime the real part
of the amplitude is indeed subdominant due to strong
absorption.)
In massive theories, the ð1; 0 region is related to the
u-channel amplitude by complex conjugation.18 This fol-
lows from the property of Hermitian analyticity or ex-
tended unitarity, which is the requirement
Tðs; tÞ ¼ Tðs; tÞ. Notice that this implies flðsÞ ¼
flðsÞ for the partial wave coefficients. If we work at
negative values of transfer momentum, e.g. t < 0,
Hermitian analyticity also connects the discontinuity
across the cuts due to threshold singularities to the imagi-
nary part of the amplitude by
DiscTðs; tÞ ¼ 2i ImTðsþ i; tÞ: (7.4)
With a mass gap, Hermitian analyticity follows from real-
ity of the amplitude below threshold, along with the
Schwarz reflection property. In massless theories the status
of Hermitian analyticity remains unclear, although it seems
to hold at any order in perturbation theory. If Hermitian
analyticity holds in gravity, it thus also forbids nonpoly-
nomial growth along ð1; 0, and so by the above theo-
rem, in the UHP of s.
A conservative conjecture is that gravity respects both
crossing symmetry and Hermitian analyticity, and that
amplitudes thus satisfy such a polynomial bound. We can
check this in the asymptotics of the eikonal, (6.3), which
does so for D> 4, as does the preceding strong gravity
expression.
Nonpolynomiality of amplitudes is however generally
expected to give unbounded behavior in other regions of s,
t, and u. Indeed, one can directly see indications for such
behavior given the partial wave coefficients (5.11). For
example, if kðE; lÞ  Ep for some p > 0, then the strong
gravity fl’s given by (5.11) will have polynomially un-
bounded behavior somewhere in the UHP ImðsÞ> 0. Then,
(6.4) implies that T½s; tðs; Þmust likewise be unbounded.
Notice, though, that this is for fixed  rather than t; thus
unboundedness at large jsjei corresponds to tjsjei.
As discussed, even kðE; lÞ ¼ Oð1Þ does not necessarily
eliminate this behavior, though positive k—corresponding
to time delay—decreases the region of nonbounded behav-
ior in the UHP. Likewise, k < 0, corresponding to a time
advance, increases the domain of this behavior. One also
observes unbounded behavior from the eikonal phases,
(5.12).
It is interesting that a polynomial bound in the physical
region ImðsÞ> 0, t < 0 (and correspondingly in other
channels) follows from the very general assumptions that
we have described, together with the assumption of cau-
sality in the form of the forward polynomial bound. We
next turn to the investigation of connections between poly-
nomiality and locality.
17Note that one must also include a small path segment from
ðs; t; uÞ ¼ ðs0 þ i; 4m2  u0 þ s0  i; u0Þ to ðs0; 4m2 
u0 þ s0  i; u0 þ iÞ. We assume this is permitted by sufficient
holomorphy in this neighborhood, as in [63], though more
systematic investigation is conceivably warranted.
18A rough argument for this follows from the relation between
the continuations s! s and E! E; the latter corresponds to
taking the complex conjugate of the amplitude.
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VIII. LOCALITY VS NONPOLYNOMIALITY
The status of locality in gravity is a very important
question, given that it is one of the cornerstones of a local
quantum field theory description of nature. Locality is also
one of the assumptions leading to the information paradox,
and conversely, certain violations of locality inherent to
nonperturbative gravity have been proposed as the mecha-
nism for information to escape an evaporating black hole
[11,23,25,40].19
If one is restricted to an S-matrix description of dynam-
ics, one can ask how specifically locality is encoded in that
description. In particular, nonpolynomial behavior in the
momenta, such as we have described, is suggestive of
nonlocal behavior20; a first heuristic for this is the obser-
vation that nonpolynomial interactions take the form e@
n
in
position space, which is clearly not local.
For massive theories, sharper statements can be made. In
particular, commutativity of observables outside the light
cone can be used to show that the forward amplitude is
polynomial bounded [67], jTðs; 0Þj< sN . With a mass,
such statements can be extended [68] both to t < 0 and
to complex values of t, including t > 0.
Diffeomorphism invariance forbids local observables in
gravity. It has been proposed that local observables are
approximately recovered from certain relational protolocal
observables; initial exploration of them in effective field
theory is described in [43,69,70]. However, as yet no sharp
criterion for locality can be formulated in terms of these
observables, and indeed it has been argued [25,43] that
there are fundamental obstacles to such precise locality.21
Nonetheless, bounds on amplitudes can also be under-
stood from a physical perspective, in connection with
causality. This becomes particularly clear with forward
scattering.
Consider first 0þ 1 dimensional scattering, with initial




dt0Sðt t0Þc iðt0Þ: (8.1)
Causality states that if the source c i vanishes for t
0 < 0,
the response c f does as well. In the complex energy plane,
this arises as a result of SðEÞ having the appropriate ana-
lytic structure, and, in particular, the needed contour de-
formation arguments require that SðEÞ be polynomially
bounded in the UHP for E. For example, SðEÞ ¼ eiE

would produce an acausal time advance by 
.
The arguments for higher-dimensional forward scatter-
ing can be formulated in analogous fashion; a wave packet
that scatters at zero angle should not reach infinity more
rapidly than one that does not scatter, implying a polyno-
mial bound, and corresponding dispersion relations.22
Whereas in the massive case such a bound also implies
bounds for t  0, the collapse of the Lehmann ellipse that
we have noted in the massless case obstructs such
arguments.
Consider, however, a physical picture of nonforward
scattering, as described in e.g. [74]; see Fig. 9. If the
H
FIG. 8. The complex s plane, indicating some of the relationships entering into the Phragmen-Lindelo¨f argument for a polynomial
bound.
19For earlier proposals of a role for nonlocal effects, see
[51,64,65].
20Although, formulations of local field theory with mild non-
polynomial behavior have been proposed [66].
21For further discussion, see [71].
22The relations between causality, analyticity, and a well-
defined UV completion are interesting and subtle. Indeed, other
strong restrictions on which IR behavior can be consistently
completed into a causal UV theory, given existence of forward
dispersion relations, are described in [72,73].
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scattering has a range R, a wave packet can shorten its path
by an amount up to Rjqj=E with respect to a path going
through the origin, with a corresponding time advance.
Thus, we would expect asymptotic behavior
S ei ﬃﬃﬃﬃtp R; (8.2)
which is not bounded. Note, however, that such a picture is
appropriate to a repulsive potential. If one instead consid-
ers scattering in gravity, e.g. in the background of a high-
energy particle, whose gravitational field is approximately
Aichelburg-Sexl (see Fig. 10), the scattering angle is nega-
tive, and the particle receives a time delay, corresponding
to positive phase shift, appropriate to an attractive force. If
of finite range R, this corresponds to behavior
S ei ﬃﬃﬃﬃtp R: (8.3)
In this way, long-range behavior of this kind, which in
the absence of a better definition we will also call nonlocal,
does not obviously conflict with causality. The danger of a
conflict appears even less in an attractive case which
produces only time delays; correspondingly one has a
polynomial bound for R / Ep in this case when E under-
goes a small enough positive phase rotation. Thus, plau-
sibly, nonlocality with time delays is consistent with the
existence of a polynomial bound in the physical region, t <
0, ImðsÞ> 0. The preceding section also argued that cross-
ing, Hermitian analyticity, and causality imply such a
bound. While the large phase shifts and strong absorption
up to large impact parameters that we have inferred on
physical grounds might have violated such a polynomial
bound in the physical region, we have found no evidence
for such behavior. It remains possible that an exponential
growth may emerge at fixed (real) scattering angle, other
than  ¼ 0. This however does not seem to contradict any
fundamental property we know, but is another possible
signal of nonlocal behavior.23
In saying this, we should address arguments of [22]
suggesting behavior combining (8.2) with (8.3), where R ¼
RðEÞ, which would be naturally interpreted in terms of a
time advance. However, this arose from a sharp cutoff in
the partial wave sum and does not account for the phase
shifts. If one avoids  ¼ 0, where causality requires can-
cellations of nonpolynomial behavior [22], we can write
Tðs; tÞ /X1
l¼0
ðlþ ÞCl ðcosÞe2ilðsÞ2lðsÞ (8.4)
[the sum of i=2 generates a ðcos 1Þ]. Plausibly, the
exact phase shifts and absorptive coefficients yield only
time-delayed behavior, and a bound in the s UHP.
In the preceding section, we argued that the effective
range of the interaction grows with E; R Ep, with p ¼
1=ðD 3Þ for the strong gravity region, and the rough
estimate p ¼ 2=ðD 4Þ, from (6.8), for the eikonal am-
plitudes. It is interesting to compare this behavior to what
is commonly regarded as another indicator of unitary local
behavior, the Froissart bound, which states
R  Rf ¼ a logE (8.5)
FIG. 9. Illustration of scattering by a repulsive interaction of
range R; the scattered wave at angle  has a path that is shorter
by 2R sin2 relative to a wave traveling unscattered through the
origin, and thus has a relative time advance.
FIG. 10. Illustration of scattering of a particle by the gravita-
tional field of an ultrarelativistic source; the scattering angle is
negative, corresponding to attraction, and this results in a path
for the scattered wave that is longer by R sin 2R ﬃﬃﬃﬃﬃtup =s as
compared to a wave that passes through the scattering center.
23As noted, one might also consider the possibility, which we
have not been able to rule out, that amplitudes, while non-
polynomial, may have sufficiently complicated analytic structure
to stay polynomially bounded in other regions as well.
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for constant a. In a massive theory, there is a direct con-
nection between this bound and polynomial boundedness.
Heuristically, this is seen via
eRf
ﬃﬃﬃﬃtp  Ea ﬃﬃﬃﬃtp ; (8.6)
which is polynomial behavior. More sharply, the polyno-
mial bound is used directly in the proof of the Froissart
bound [29,75]. However, this proof proceeds via the partial
wave expansion in the region t > 0, which we have argued
is divergent for gravity.
It is tempting to conjecture that there is such a direct
connection between power-law growth of the cross section
in gravity and nonpolynomiality, perhaps through appro-
priate regulation of the partial wave expansion. Indeed, as
discussed in [22] and above, the appearance of strong
absorption to L EðD2Þ=ðD3Þ  E lnE implies nonpoly-
nomial behavior of a truncated partial wave sum.24
However, as we have argued, we expect the full sum to
be polynomial bounded in the s UHP, even if it is not
polynomial. One issue arising from massless modes is
that we cannot neglect the tail of the partial wave expan-
sion, as one does, for example, in theories with a mass gap,
where fl decays exponentially for l E logE. In our
gravitational context, these large impact parameter contri-
butions are central in producing the IR singularities at t ¼
0. Indeed, masslessness also plays an important role in the
form of the amplitudes in the eikonal regime (where l
L), which appears to dominate the cross section at large
energies. Since the partial wave expansion does not con-
verge at t > 0, the Froissart bound can be violated without
collateral damage. We may associate this with a sort of IR/
UV mixing, in the sense that the singularities in the IR
(correspondingly the long-range character of gravity) per-
mit a much faster growth in the cross section deep in the
UV without conflicting with any other fundamental prop-
erty. Notice that the eikonal amplitudes already provide us
with such an example, without explicit reference to the
strong gravity region.
One thus finds that masslessness, and, in particular,
singular behavior at t ¼ 0, nonpolynomiality, and polyno-
mial growth of cross sections are intricately entwined. One
might question whether all novel features follow from
masslessness alone. However, given that one does not
find power-law growth R Ep in gauge theory, gravity
appears distinctive, due in part to the power-law growth of
its coupling with energy. One might conjecture that a
massless theory like QED is on the borderline of locality,
but gravity is in a real sense not local, as, for example,
evidenced by its growth of range. Such a conjecture is
certainly permitted without a sharper characterization of
locality.
It is interesting to consider one known approach to
regulating IR behavior in gravity, namely, working in an
anti–de Sitter (AdS) background. With AdS curvature
R2, the graviton effectively has a mass .
Correspondingly, growth of black hole radius with energy
stops being power law once R 1=, and one, in particu-
lar, finds evidence for Froissart-like behavior, R / logE,
for scattering above this energy [76]. One might likewise
expect restoration of polynomial scattering amplitudes.
However, the matter of extracting the S matrix in AdS
remains an open question [20], despite some recent
progress [18,19].
It is very interesting that no fundamental inconsistency
has yet arisen between the conditions of unitarity, analy-
ticity, crossing symmetry, causality, and nonlocality in the
sense described, despite the existence of nontrivial con-
straints arising from their combination; it is also moreover
interesting that gravitational amplitudes could well run the
gauntlet among these conditions. This would also be in
harmony with arguments that local field theory breaks
down in contexts described by the locality bound
[23,25,26], and with more general statements that the non-
perturbative physics that unitarizes gravity (and specifi-
cally leads to unitary black hole decay) is not intrinsically
local [23], yet retains certain analytic features and aspects
of causality—particularly those necessary for consistency.
In any case, further exploration of properties of consistent
quantum-mechanical amplitudes for gravity is certainly of
great interest.
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APPENDIX: OPTICAL THEOREM IN D
DIMENSIONS
From the unitarity of the S matrix we have





where we take ,  to be the initial and final two-body
states with p  p1 þ p2, p ¼ p3 þ p4, and the sum
runs over all possible N-particle states allowed by the
symmetries and conservation of energy and momentum.
24Note that such strong absorption directly corresponds to a
cross section with growth (6.7). This follows from taking l  1
for l	 L in (2.6) evaluated at  ¼ 0; this, together with the
large-l asymptotics Cl ð1Þ  l21=ð2Þ gives Tð ¼
0Þ  isð4DÞ=2LD2, and thus, by the optical theorem, (6.7). Of
course, as we have noted, an even larger contribution to T
comes from the eikonal region.
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Here we use the Lorentz invariant normalization of states,
hkjk0i ¼ ð2ÞD12!kD1ðk k0Þ (A2)
with !2k ¼ k2 þm2, and introduce the Lorentz invariant
measure
fdk  dD1kð2ÞD12!k : (A3)
If the intermediateN-particle state consists of momenta qi,










Using these conventions we have for the dimensions of the
2! 2 scattering amplitude, ½Tðs; tÞ ¼ M4D.
If we now restrict (A1) to forward scattering, e.g.  ¼
, we can replace the left-hand side by 2i ImTðs; 0Þ, and on
the right-hand side we recognize the sum of the square of
the amplitudes which enters in the definition of the total
cross section. Recall that this is defined as












Notice that the prefactor in square brackets goes to
1=ð8E1E2Þ when s m21, m22. We are now ready to state
the optical theorem, which is nothing but a direct conse-
quence of unitarity:
ImTðs; 0Þ ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ




We can also relate the coefficients in the partial wave
projections (2.6), where the optical theorem takes the









DðpN  pÞjflðs; fNgÞj2; (A7)
from which (2.12) follows. In this expression the flðs; fNgÞ
are the partial wave projections of the generic intermediate
states, considered modulo an overall rotation. The sum
runs over all possible such subclasses of states [7].
Performing the sum over l on both sides reproduces the
optical theorem.
As we emphasized in this paper, due to the masslessness
of gravity we expect singularities at t ¼ 0. We noticed
before that the IR singularities can be removed by working
in D> 4. From the definition of the cross section we
promptly discover that we actually need even higher D
for it to be well defined. This follows from the elastic cross




This Rutherford-like singularity is tamed for D> 6 by the
integration over solid angle, with measure sinD3, giving
a finite cross section. Once the cross sections are finite the
optical theorem (A6) shows that ImTðs; 0Þ is also finite.
One may be tempted to push the partial wave expansion to
t > 0, but this attempt fails once we realize that t ¼ 0 is
indeed also a threshold for graviton production, and the
partial wave expansion will not converge past that point.
The finiteness of ImTðs; 0Þ is due to the fact that in higher
dimensions the threshold behavior scales as a power of
momentum, e.g.ðtÞ, rather than logarithmically as we
are used to encountering in four-dimensional field theories.
This is intimately linked to the softness of the IR diver-
gences inD> 4 due to the promotion of the measure in the




ð2ÞD . It is then easy to see that
the expansion of the derivatives of Tðs; tÞ at t ¼ 0 will not
converge and we cannot analytically continue the partial
wave decomposition to positive values of t.
A final comment is in order. The reader may be puzzled
by the fact that the Born approximation in (2.5) seems to
have a divergent imaginary part as t! 0 from the i
prescription. A careful analysis shows that is indeed not
the case, and such singularity only arises in the plane-wave
limit and disappears as soon as we take into account wave
packets. The real part of the amplitude is large, but finite,
and gives rise to a finite contribution in the cross section as
in (A8).
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